In the present work the sensitivity of calculated ββ-decay amplitudes to a realistic residual interaction is analyzed in the framework of the approach of Refs. [12, 13] . Both the GamowTeller (GT) and Fermi (F) matrix elements M 2ν for two-neutrino ββ decay (2νββdecay), along with the monopole transition contributions to the total matrix elements M 0ν of neutrinoless ββ decay (0νββdecay), are calculated within the quasiparticle random-phase approximation (QRPA). Decompositions of M 2ν and M 0ν are obtained by the method of Refs. [12, 13] in terms of the corresponding energy-weighted sum rules S. It is shown that in most of the cases almost the whole dependence of M 2ν and M 0ν on the particle-particle (p-p) renormalization parameter g pp is accounted for by the g pp dependence of the corresponding sum rules S. General expressions relating S to a realistic residual particle-particle interaction are derived, which show a pronounced sensitivity of S to the singlet-channel interaction in the case of F transitions, and to the tripletchannel interaction in the case of GT transitions. Thus, the sensitivity of M 2ν and M 0ν to the SU(4)-symmetry-breaking part of the p-p residual interaction is dictated by the generic structure of the ββ-decay amplitudes. Therefore, a choice of this part in a particular calculation needs a special caution. Finally, a better isospin-consistent way of renormalization of a realistic residual p-p interaction to use in QRPA calculations is suggested.
I. INTRODUCTION
Study of neutrinoless double beta (0νββ) decay provides one of a few ways to probe the absolute neutrino mass scale with a high sensitivity [1, 2] . To be able to deduce the effective Majorana neutrino mass from the measured half-lives of the decay, reliably calculated nuclear matrix elements (NME) M 0ν are needed in addition. The NME M 0ν have been calculated in different approaches: the quasiparticle randomphase approximation (QRPA) [3] [4] [5] (including the recent version of the QRPA accounting for deformation [6] ), the nuclear shell model (SM) [7] , the projected Hartree-Fock-Bogoliubov method (PHFB) [8] , the interacting boson model (IBM-2) [9] , and the generator coordinate method with particle number and angular momentum projection (GCM+PNAMP) [10] . There has been great progress in the calculations over the last decade, and now M 0ν of different groups (apart from the SM one) seem to converge. However, M 0ν of the SM are systematically and substantially (up to a factor of 2) smaller than the results of the other approaches. This discrepancy calls for a better understanding of the aspects of nuclear structure that affect largely the calculated NME.
All the QRPA calculations of the nuclear ββ-decay amplitudes have revealed their sensitivity to the strength of the particle-particle (p-p) interaction in the triplet channel, 1 which is mainly due to a high g pp sensitivity of the contribution of transitions through the intermediate 1 + states. Such a behavior of the two-neutrino 2νββ-decay NME M 2ν was found for the first time in Ref. [11] . Reference [11] contains a clue that the sensitivity may be related to the restoration of the Wigner spin-isospin SU(4) symmetry in nuclei. The authors of Ref. [11] also showed that the sensitivity is not an artifact of the QRPA but also shows up in an exactly soluble schematic model.
An idea to use the concept of softly broken SU(4) symmetry as a basis for describing 2νββ-decay amplitude was put forward in Ref. [12] . Because M 2ν vanishes in the limit when the SU(4) symmetry is exact, it is natural to express M 2ν explicitly in terms of those parts of the nuclear HamiltonianĤ that are responsible for the violation of the symmetry. An identity transformation introduced in Ref. [12] allows one to shed light on the general properties of the 2νββ-decay amplitude. However, the computational realization of this idea in Ref. [12] made use of a oversimplified model of independent quasiparticles and, therefore, could not address the question of the g pp sensitivity.
The next step was made in Ref. [13] , where the basic concept of Ref. [12] was applied in the framework of a QRPA model. As in Ref. [12] , the starting point for the analysis was a model-independent, identity, transformation of M 2ν . That allowed the authors to partition M 2ν into two terms which are sensitive to different parts ofĤ. The dominating source of the g pp sensitivity was associated in Ref. [13] with a specific energy-weighted sum rule S for double beta decay, that depends exclusively on the residual p-p interaction. An analytical representation for S was obtained in Ref. [13] within the QRPA for the case of a simple separable p-p interaction, which showed that S vanishes at the point where the SU(4) symmetry is restored in the p-p sector of the model Hamiltonian. The rest of M 2ν was shown to behave smoother on g pp for the realistic values of the p-p interaction strength, and was mainly determined by the other important source of breaking the SU(4) symmetry, namely the spin-orbit part of the nuclear mean field.
In the present work we apply the approach of Refs. [12, 13] to analyze the sensitivity of calculated ββ-decay amplitudes to a realistic residual interaction. Both the Gamow-Teller (GT) and Fermi (F) matrix elements M 2ν , along with the monopole transition contributions to M 0ν , are calculated within the QRPA, making use of a realistic residual interaction (the Brueckner G matrix) as described in Refs. [3] [4] [5] . General expressions relating the sum rule S to a realistic residual p-p interaction are derived, which show a pronounced sensitivity of S to the singlet-channel of a two-body interaction in the case of F transitions, and to the triplet-channel of a two-body interaction in the case of GT transitions. In this connection, S for GT transitions would be a better quantity for fitting g pp than the experimental M 2ν , provided S could be measured.
2 . Identity partitions of M 2ν , as well as the monopole transition contributions to M 0ν , are obtained by the method of Refs. [12, 13] . It is shown that in most of the cases almost the whole g pp dependence of M 2ν and M 0ν can be attributed to the g pp dependence of the corresponding sum rules S. Thus, the sensitivity of M 2ν and M 0ν to the SU(4)-symmetry-breaking part of the p-p residual interaction is unavoidable since it is simply dictated by the generic structure of the ββ amplitudes. Finally, a better isospin-consistent way of a renormalization of a realistic residual p-p interaction to use in QRPA calculations is suggested.
II. IDENTITY PARTITION OF ββ-DECAY AMPLITUDES
We adopt here the same line of reasoning as presented in Refs. [12, 13] . The F and GT transitions are treated in a uniform way, and the single-particle (s.p.) operator β 
Here, g s = 0 
representing the excitation energy of the s'th state relative to the g.s. of the initial (final) nucleus.
The following partition of M 2ν (1) can be performed [13] :
whereω g is, in principle, an arbitrary energy. Note, that the second term in the r.h.s. of Eq. (2) is proportional to S ω g (11)
Below only the contributions M 0ν (0 + ), M 0ν (1 + ) of the monopole transitions through the intermediate states 0
+ , 1 + are analyzed, which are known to be sensitive to the p-p interaction.
We stress again that the all the transformations of the ββ-decay amplitudes Eqs. (2)-(12) introduced above are identical, and therefore do not rely on any nuclear model. One sees immediately that a single-particle mean field, as containing only isoscalar and isovector terms, exactly drops out of the double commutator (5) definingŜ v ab contributes (we work here in the first quantization since it simplifies the further derivation):
Here, β
. Thus, the problem of calculatingŜ −− J (5) is reduced to the problem of calculating the two-body double commutator S 2ν J (ab) (14) . Bearing in mind a further calculation of S 2ν J as a matrix element ofŜ −− J between antisymmetric nuclear wave functions of the initial and final nuclei, the operators of different permutation symmetry g ± J and T ± , t ± acting in the two-body space are introduced.
By making use of isospin projection operators, the original two-body interaction, which is considered exactly isospin symmetric here, can be partitioned into two components, corresponding to different projections T z of the total isospin of the two-nucleon system:
each of which can further be represented in terms of the interaction components corresponding to a definite total isospin T = 0, 1:
The standard way of renormalization of the residual p-p interaction in the proton-neutron QRPA is:
because only v ab (|T z | = 1) enters the BCS gap equations, while v ab (T z = 0) is responsible for the mixing of proton-neutron excitations (here for the sake of simplicity we consider the same g pair for proton and neutron subsystems). For the F transitions (g 0 (a) = 1) one arrives at the following expression (see Appendix):
This result shows that the renormalization (17) obviously breaks the original isospin symmetry of the residual interaction if g pp = g pair (that is usually the case in most of the realistic QRPA calculations; we shall later how this drawback can easily be remedied by a different renormalization that is more isospin consistent than the one of Eq. (17)). The corresponding expression for the GT transitions (g 1 = σ) is more involved (see Appendix) and reads
where the operator Π S=0 ≡ |00 00| S projects onto the spin S = 0 state of two nucleons. The operators v ab (T, S) ≡ T S|v ab |T S are the expectation values of the original two-body interaction in two-body spin-isospin states |T S , and therefore only depend on the spatial coordinates of two nucleons. Now we proceed with calculations of S 2ν J as the matrix elements of the two-body operatorŝ S −− J between the ground states of the initial and final nuclei. Since v ab is of a short range, then the nucleon pairs in the relative spatial s wave must predominantly contribute to the S 
where the G matrix G ′ (J = 0, T = 1) corresponds to the two-body interaction
Let us note that retaining only the contribution of J = 0 paired nucleons in the g.s. wave functions corresponds to the calculation of the double commutator (5), defining S 2ν , in the QBA. In the QRPA this means that the commutator of two bifermionic operators is substituted by its expectation value in the BCS state, which is a c-number (cf. a derivation of the QRPA matrices A and B, e.g., Ref. [18] ). In fact, there are additional, beyond the QRPA, contributions to S 2ν from the pairs with J > 0 in the correlated g.s., but they must be suppressed as the following arguments suggest. For the pairs with J > 0, which are in the relative s wave and may therefore essentially contribute to the sum rule, the total J must then coincide with the total orbital momentum of the pair. However, as previous calculations of the 0νββ-decay transition densities have shown [4, 14] , the contributions from J > 0 pairs come from larger internucleon distances, substantially exceeding the short range of the NN-potential, then that of J = 0 (the latter peaks essentially at 1-2 fm). This in combination with the short range of v ab causes a suppression of the J > 0 contributions.
An estimate of such a suppression is beyond the scope of this paper and deserves a separate study. These contributions can be estimated if in a calculation of 0νββ-decay one substitutes the Coulomb-like r-dependence of the neutrino potential by a corresponding rdependence of the T = 1 component of a NN potential. Note, that even in the case of the long-range neutrino potential the 0 + -pair contribution is by far the largest one. For the BCS description of pairing, by taking the same BCS solution for the initial and final nuclei, one gets 0 , and the pairing gaps ∆ t satisfy the gap equation:
It is noteworthy that the same expressions (22)-(26) for S 2ν J can be obtained by considering the double commutator (5) in the QBA, like it was used in the derivation of Ref. [13] . A compacter expression can be obtained for the pairing sum rule S 
IV. RESULTS AND ANALYSIS
Within the QRPA approach of Refs. [3] [4] [5] we have computed M 130 Xe (J = 0 and J = 1 for the F and GT transitions, respectively). The parametrization of the Woods-Saxon mean field is adopted from the spherical calculations of Refs. [3] [4] [5] . For each of the nuclei two sizes of the s.p. basis, the small one (s.b.) and the large one (l.b.) in the notation of Refs. [3] [4] [5] , are used in the calculations. The small s.p. space consists of 9 levels (oscillator shells N=3,4) for A = 76 and 13 levels (oscillator shells N=3,4 plus f + h states from N = 5) for A = 100, 130. The large basis contains 21 levels for A = 76, 100 (all states from shells N = 1 − 5), and 23 levels for A = 130 (N = 1 − 5 and i orbits from N = 6).
As in Refs. [3] [4] [5] , the nuclear Brueckner G matrix, a solution of the Bethe-Goldstone equation with different nucleon-nucleon potentials (Bonn-CD, Bonn-C, Argonne V18 and Nijmegen I), is used as a residual two-body interaction. The results obtained with different G matrices look pretty similar to each other, and in all the figures below only the results obtained with the Bonn-CD G matrix are represented.
First, the BCS equations are solved to obtain the Bogoliubov coefficients u and v, the pairing gaps ∆, and the chemical potentials. To correctly reproduce the experimental oddeven nuclear mass differences for both protons and neutrons in initial and final nuclei, four slightly different renormalization factors g pair in Eq. (27) are needed. Here, we approximate the single parameter g pair of the preceding section by taking the average value of these four factors.
As in Refs. [3] [4] [5] , we set the particle-hole renormalization factor g ph = 1 in the QRPA equations. The calculated energy of the giant GT resonance, which is essentially independent of the size of the s.p. basis, is well reproduced with such a choice of g ph [3] [4] [5] . One must say that a particular choice of g ph in the QRPA has no effect on the sum rules S 2ν 1 and S 2ν 0 (4), and S 0ν (GT ) and S 0ν (F ) (12) . This can be seen from the general analytic expressions (22,24) (determined exclusively by the p-p interaction) and is confirmed by the direct calculations.
The sum rules S 2ν J (4), and S 0ν (J) (12) calculated within the QRPA approach of Ref. [3] [4] [5] are shown in Fig. 1 . 4 One can see a universal character of the almost perfectly linear dependencies S(g Table I , here for different choices of the residual interaction.
5 For a given choice of the residual interaction, one sees again an impressive universality of this parameter, with the largest value γ 1 ≈ 1.5 in the case of the Bonn-CD NN-potential and the smallest value γ 1 ≈ 1.3 in the case of the Bonn-C NN-potential.
In this connection, provided S for GT transitions could be measured, it, as depending exclusively on the residual p-p interaction, would be a better quantity for fitting g pp than the experimental M 2ν−exp . In fact, the absolute value of S can be determined experimentally from charge-exchange reactions or single-β decays if the single-state dominance for 2νββ-decay is realized in one or another intermediate nuclear system.
In Fig. 2 we plot M Here the same BCS vacuum of the initial nucleus is used also for the final one to avoid the influence of the overlap factor. The latter spoils the observed universality of γ 1 in Table I by a few percent In Fig. 3 we show for completeness the closure matrix elements M , but for such a choice the renormalized residual interaction (17) breaks isospin and M 2ν 0 are spuriously large. However, this drawback is very easy to remedy by a slightly different prescription of a renormalization of the residual interaction. According to Eqs. (22, 24), the F transitions are sensitive to g pp v ab (T = 1, S = 0), whereas the GT transitions are sensitive to g pp v ab (T = 0, S = 1). Therefore, it suffices to renormalize different T components of v ab as
to have an isospin symmetric interaction, which allows one at the same time to fit the odd-even nuclear mass differences by means of g pair and M Figs. 1-3 . The effect of this new way of renormalization of the residual interaction on the total 0νββ-decay NME M 0ν will be investigated elsewhere, but one can already anticipate that M 0ν F will come out slightly smaller than in Ref. [3] [4] [5] , whereas M 0ν GT will barely be affected.
The results discussed above demonstrate very little dependence on the s.p. basis size. However, the smallest QRPA s.p. basis used in the analysis, 2hω for A = 76, is still much larger than the corresponding one of the SM which contains only four s.p. levels: 1p 3/2 , 0f 5/2 , 1p 1/2 and 0g 9/2 [7] . The problem with this small 0hω SM basis is that the spinorbit partners 0f 7/2 and 0g 7/2 are missing, which leads to a strong violation of the Ikeda sum rule (ISR) [16] (the QRPA satisfies the ISR exactly, see a detailed discussion in Ref. [17] ).
It is instructive to see what happens to the sum rules S if one uses the SM s.p. basis. According to the arguments after Eq. (21), S are mostly determined by the paired nucleons with J = 0 in the g.s.. One can see in Fig.5 of Ref. [17] that the contribution of J = 0 pairs to M 0ν when calculated in the QRPA with the SM s.p. basis comes out in fairly good agreement with the corresponding result of a genuine SM calculation. This fact makes us confident that a QRPA calculation of the sum rules S with the SM s.p. basis should give a reasonably good estimate for the corresponding SM result.
The results of such a calculation are listed in Table II . It can be seen that the F sum rule S 0 is still reproduced well in the SM basis. However, the GT sum rules S (pair) 1 and S (pp) 1 come out strongly underestimated as a result of the missing contributions to S 1 from the spin-flip transitions involving 0f 7/2 and 0g 7/2 s.p. states. The same happens to the parameter γ 1 , which is almost three times too small.
Thus, one may state that the original inherent sensitivity of S to the SU(4)-breaking part of the residual p-p interaction gets spuriously weak in the SM basis for A = 76 system. To restore it, one must include the missing spin-orbit partners to the SM s.p. space, as, for instance, was the case in the SM description of ββ decay of 48 Ca. The usual argument of the SM, that the weights of the admixtures of the missing states in the g.s. wave function are small, does not work here, because the relatively small weights get compensated by large transition matrix elements to those states while calculating S. To conclude the analysis of this section, a calculation of M 2ν 0 within the renormalized QRPA (RQRPA) [3] [4] [5] is performed and compared with the corresponding QRPA calculation (Fig. 4) . One can see that the calculated RQRPA dependence M 
V. CONCLUSION
In the present work the sensitivity of the calculated ββ-decay amplitudes to a realistic residual interaction is analyzed in the framework of the approach of Refs. [12, 13] . Both the GT and F matrix elements M 2ν for 2νββdecay, along with the monopole transition contributions to the total matrix elements M 0ν of 0νββdecay, are calculated within the QRPA. Decompositions of M 2ν and M 0ν are obtained by the method of Refs. [12, 13] in terms of the corresponding energy-weighted sum rules S. It is shown that in most of the cases almost the whole dependence of M 2ν and M 0ν on the renormalization parameter g pp is accounted for by the g pp dependence of the corresponding sum rules S. General expressions relating S to a realistic residual p-p interaction are derived, which show a pronounced sensitivity of S to the singlet-channel interaction in the case of F transitions and to the triplet-channel interaction in the case of GT transitions. In this connection, S would provide the best quantity for fitting g pp if it could be measured (realistically, this can be done only in the case when the single-state dominance is realized in 2νββdecay). Thus, the sensitivity of M 2ν and M 0ν to the SU(4)-symmetry-breaking part of the p-p residual interaction is dictated by the generic structure of the ββ-decay amplitudes. Therefore, the choice of this part in a particular model and a further accurate calculation of its contribution to S needs special attention. Finally, a better isospin-consistent way of renormalization of the realistic residual particle-particle interaction to use in QRPA calculations is suggested.
